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a b s t r a c t 

Membrane-based absorbers have received much attention in recent years owing to their higher sorption 

rates compared to conventional absorbers. In this study, for the first time, two analytical solutions are 

proposed for membrane-based absorbers. These analytical solutions can be used for non-volatile liquid- 

based physical sorption applications, such as absorption heat pumps/chillers and some CO 2 capture reac- 

tors. The Laplace transform method and similarity solution are used to develop these analytical models. 

The models’ results are validated with the experimental data available in the literature. It is shown that 

the analytical model obtained by the Laplace transform method is more accurate compared to the simi- 

larity solution approach. However, the similarity solution provides a more compact solution. Additionally, 

a comprehensive parametric study is conducted on the effect of the operating conditions and membrane 

physical properties on absorption rate. It is shown that the solution inlet concentration and membrane 

porosity are the most significant operating condition and membrane physical property, respectively. 

© 2022 Elsevier Ltd. All rights reserved. 
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. Introduction 

Vapor compression refrigeration systems consume nearly 15% 

f global electricity and significantly contribute to greenhouse gas 

mission [1] . Up to 76% of the energy consumption of vapor com- 

ression refrigeration systems is produced predominantly from fos- 

il fuels [2] . In addition, the refrigerants used in vapor compres- 

ion refrigeration systems, such as hydrofluorocarbons, are recog- 

ized as global warming and ozone-depleting potentials, and they 

re one of the major accelerators of climate change [3] . To sur- 

ount the mentioned issues, heat-driven absorption chillers/heat 

umps have been considered as a promising alternative option. Ab- 

orption chillers/heat pumps can be driven by low-grade heat, and 

se environmentally-friendly working fluids [ 4 , 5 ]. However, exist- 

ng absorption chillers/heat pumps suffer from a low Coefficient of 

erformance (COP) and are not economically competitive with va- 

or compression refrigeration systems. 

Absorbers play a vital role in absorption chiller/heat pump 

erformance and cost since the absorption rate is the most 

erformance-limiting parameter. Therefore, obtaining high absorp- 

ion rates often requires an oversized heat and mass exchanger 

6] . To improve the performance and reduce the cost of the ab- 
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orber, several configurations have been suggested, including: (i) 

aminar and turbulent falling films; (ii) bubbly flows; and (iii) 

he use of atomizers [7] . Nonetheless, none of these designs has 

een able to dramatically enhance the performance of absorption 

hillers/heat pumps and have resulted in inefficient, heavy, and 

omplex absorbers. In addition, conventional absorbers have three 

ain issues: flow separation, high film thickness, and a low surface 

etting ratio. Recently, membrane-based absorbers have received 

uch attention to enhance the COP of absorption chillers/heat 

umps and to make them economically competitive with vapor 

ompression refrigeration systems [8] . In this type of absorber, a 

icroporous/nanofibrous membrane separates the gaseous and liq- 

id phases. By virtue of the surface tension, the liquid phase can- 

ot go through the membrane, while the gaseous phase can, lead- 

ng to gas absorption. 

Membrane-based absorbers have been investigated theoreti- 

ally, numerically, and experimentally [9–14] . Ali and Schwerdt 

6] theoretically and experimentally studied the characteristics 

f the membrane used in a compact absorber. Lithium bromide 

LiBr)-water was utilized as the solution. It was shown that a 

embrane with the following characteristics could be imple- 

ented in membrane-based absorption chillers/heat pumps: (i) 

igh water vapor permeability; (ii) hydrophobic to the aqueous so- 

ution; and (iii) a thickness of up to 60 μm, the porosity of up 

o 80%, and a mean pore size of around 0.45 μm. In addition, 

hey concluded that a lower membrane thickness could result in a 

https://doi.org/10.1016/j.ijheatmasstransfer.2022.122892
http://www.ScienceDirect.com
http://www.elsevier.com/locate/hmt
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2022.122892&domain=pdf
mailto:mbahrami@sfu.ca
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Nomenclature 

A c channel cross-section area, m 

2 

c concentration of absorbate, kg.kg −1 

c isobaric specific heat, J.kg −1 K 

−1 

D mass diffusivity, m 

2 .s −1 

D m 

membrane mean pore diameter, μm 

g gravity, m.s −2 

h abs absorption heat, J. kg −1 

J mass flux, kg.m 

−2 .s −1 

k m 

membrane mass transfer coefficient, kg.m 

−2 .s −1 . 

Pa −1 

p pressure, Pa 

Le Lewis number, [Le = α.D 

−1 ] 

D m 

membrane length, m 

M molecular mass, g.mol −1 

˙ m mass flux, kg.m 

−2 s −1 

˙ q heat flux, W.m 

−2 

R universal gas constant, J/mol −1 K 

−1 

T temperature, K 

ū average velocity, m.s −1 

x, y local tangential and normal position, m 

Greek symbols 

α thermal diffusivity, m 

2 .s −1 

ϕ membrane porosity 

γ dimensionless mass fraction 

Y dimensionless mass fraction in the Laplace space 

η dimensionless normal position 

� normalized heat of absorption 

τ membrane tortuosity 

θ dimensionless temperature 

θ dimensionless temperature in the Laplace space 

δ film thickness, μm 

δm 

membrane thickness, μm 

ρ density, kg.m 

−3 

Subscripts 

eq equilibrium 

m membrane 

inf interface 

o entrance region 

s solution 

v vapor 

w wall 

ower mass transfer resistance. However, the membrane mechani- 

al strength should be taken into consideration. 

Isfahani and Moghaddam [15] used a superhydrophobic mem- 

rane to fabricate a compact absorber. The pore diameter and 

orosity of the membrane were 1 μm and 80%. The maximum 

easured absorption rate was about 0.007 kg.m 

−2 .s, and a max- 

mum pressure drop of 3 kPa was measured at the solution veloc- 

ty of 5 mm.s −1 . Bigham et al. [14] experimentally studied the im- 

act of the implementation of surface-induced vortices to enhance 

he performance of a membrane-based absorber. They installed mi- 

rostructures over the wall side of the heat transfer fluid to gener- 

te vortices. It was illustrated that generation of vortices could im- 

rove the mass transfer rate since the mechanism for mass trans- 

er is changed from diffusion to advection. De Vega et al. [16] car- 

ied out an experimental investigation on the performance of a 

embrane-based absorber. A polytetrafluoroethylene (PTFE) lami- 

ated flat sheet membrane with a pore diameter of 0.45 μm was 

sed for this study. The membrane was supported by a perforated 
2 
late with a hole diameter of 3.2 mm. An absorption rate of up to 

.007 kg.m 

−2 .s −1 was obtained for this membrane-based absorber. 

Yu et al. [17] performed a parametric study on a membrane- 

ased absorber using the lattice Boltzmann method. They reported 

hat the solution film thickness and velocity were the main pa- 

ameters for designing a membrane-based absorber. It was indi- 

ated that up to a 3-fold enhancement in the absorption rate could 

e achieved compared to conventional absorbers. Additionally, they 

tudied the effect of membrane surface roughness and stated that 

urface roughness enhanced the water vapor absorption rate. As- 

and et al. [18] conducted a 3D computational fluid dynamics sim- 

lation to calculate the heat and mass transfer in a membrane- 

ased absorber with LiBr-water as the solution. It was shown that 

 3-fold enhancement in absorption rate could be obtained by re- 

ucing the solution channel thickness from 2 to 0.5 mm. Venegas 

t al. [7] developed a 1D model for a membrane-based absorber 

ased on mass transfer resistance network, solved it numerically, 

nd validated it with experimental data. 

Several studies have been conducted to analyze membrane- 

ased absorber performance using computational fluid dynamics 

nd numerical methods [19–23] . Numerical methods can be em- 

loyed to design membrane-based absorbers and to provide de- 

ailed results. However, implementing numerical methods results 

n a high computational cost. Also, their results are restricted to 

 specific geometry or design (with the selected operating con- 

itions) which could reduce their usability for other researchers 

ithout the access of the source code. Moreover, compact and ac- 

urate relationships are needed for real-time control and opera- 

ion optimization of the process as they can predict the system 

erformance under actual operating conditions in a time-efficient 

anner. As such, analytical (closed-form) solutions are preferred 

s they provide an in-depth understanding of the physics of the 

henomenon. 

In this study, two new analytical solutions are developed for 

oupled heat and mass transfer in a membrane-based absorber in 

bsorption chillers/heat pumps. These analytical solutions can also 

e used for other physical liquid-based sorption applications with 

on-volatile solutions. The Laplace transform method and similar- 

ty solution are used to obtain closed-form solutions and compact 

elationships for heat and mass transfer, respectively. The results 

re validated with experimental data available in the literature. Ad- 

itionally, the effects of operating conditions: film thickness, vapor 

ressure, solution inlet temperature and concentration, wall tem- 

erature, and solution mass flow rate, as well as the membrane 

hysical properties: membrane thickness, porosity, and mean pore 

iameter, are investigated using the proposed models. 

. Problem description and formulation of assumptions 

Coupled heat and mass transfer in membrane-based absorbers 

s analytically studied. As schematically shown in Fig. 1 , LiBr-water, 

he most common absorbent in absorption chillers/heat pumps, is 

sed as the solution. In this type of absorber, the LiBr-water so- 

ution (liquid) is constrained by a microporous/nanofibrous mem- 

rane and a heat exchanger (plate). The membrane is imperme- 

ble to the LiBr-water solution, while water vapor can traverse the 

embrane leading to water vapor absorption at the membrane- 

olution interface. Absorption is an exothermic process, so the so- 

ution temperature increases due to the absorption heat, resulting 

n a degrading absorption rate. Therefore, the solution should be 

ooled via a heat transfer fluid (flowing inside the heat exchanger) 

o maintain the absorption reaction. 

The following assumptions have been made to develop the pro- 

osed analytical model: 



M. Ashouri and M. Bahrami International Journal of Heat and Mass Transfer 192 (2022) 122892 

Fig. 1. Schematic diagram of membrane-based absorber over a heat exchanger. Absorption solution is bounded between a porous membrane and a heat exchanger. 
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• The solution film is laminar and the flow is hydrodynamically 

fully developed (Pr ∼ 20–30) [17] ; 
• Linear estimation of the pressure at the solution-membrane in- 

terface; 
• The mean (uniform) velocity, ū , is used instead of a parabolic 

velocity profile [24] ; 
• The solution is non-volatile [25] ; 
• The thermo-physical properties of the solution are assumed to 

be constant, and the average value of the parameter over the 

corresponding temperature and concentration range are used 

[26] ; 
• The heat transfer from the film to the membrane and gaseous 

phase is negligible [ 17 , 27 ]; 
• Temperature and concentration distributions are constant and 

uniform at the inlet [28] ; 
• The isothermal condition is applied at the heat exchanger wall 

[28] ; and 

• The membrane mean temperature is constant. 

. Model development 

.1. Governing equations 

As previously mentioned, following Refs. [ 24 , 26 ], a mean veloc- 

ty profile is used instead of the parabolic velocity profile to solve 

he problem analytically. The solution mean velocity for the flow 

etween two parallel plates can be obtained as follows: 

¯
 = 

˙ m s 

ρs A c 

[ 
m 

s 

] 
(1) 

here, ˙ m s , ρs , and A c are the solution mass flow rate, the solution 

ensity, and the solution channel cross-section area, respectively. 

iven the convective/advection transport in the flow “x ” direction 

nd diffusivity transport in the “y ” direction, the following govern- 

ng equations for energy and species conservation can be derived, 

espectively: 

¯
 

∂T 

∂x 
= αs 

∂ 2 T 

∂ y 2 
(2) 

¯
 

∂c 

∂x 
= D s 

∂ 2 c 

∂ y 2 
(3) 

here T , αs , and D s are the solution’s temperature, thermal diffu- 

ivity, and mass diffusivity, respectively. It should be noted that " c" 

s the water (absorbate) concentration (kg water/kg solution) not 

he solution concentration (kg LiBr/kg solution). Using the equi- 

ibrium temperature and concentration, Eqs. (2) and (3) can be 

on-dimensionalized. The equilibrium temperature " T eq " is defined 

s the temperature at the inlet concentration " c o " and the water 
3

apor pressure " p v "; similarly, the equilibrium concentration " c eq " 

s defined as the concentration at the inlet temperature " T o " and 

he water vapor pressure " p v " [26] . Hence, non-dimensional energy 

nd species conservation equations can be written as follows: 

∂θ

∂ξ
= 

∂ 2 θ

∂ η2 
(4) 

e 
∂γ

∂ξ
= 

∂ 2 γ

∂ η2 
(5) 

( ξ , η) = 

T ( ξ , η) − T o 

T eq ( c o , p v ) − T o 
(6) 

( ξ , η) = 

c ( ξ , η) − c o 

c eq ( T o , p v ) − c o 
(7) 

= 

x 

δ2 

αs 

ū 

& η = 

y 

δ
(8) 

here, θ, γ , ξ , and η reperesent non-dimensional temperature, 

on-dimensional concentration, non-dimensional " x ", and non- 

imensional " y ", respectively. In this study, the Dusty-Gas model 

29] is employed to model the mass transfer through the mem- 

rane. The mass transfer through the membrane, includes molar 

iffusion and viscous fluxes, which can be calculated as follows 

17] : 

 = k m 

(
p v − p in f 

) [
kg 

m 

2 .s 

]
(9) 

here, k m 

, p v , and p in f represent the membrane mass trans- 

er coefficient, vapor pressure, and water vapor partial pressure 

t the membrane-solution interface, respectively. The membrane 

ass transfer coefficient can be found as follows [17] : 

 m 

= −ϕ D m 

δm 

τ

( √ 

8 M 

9 πR T m 

+ 

p v D m 

32 μg R T m 

) [
kg 

P a. m 

2 .s 

]
(10a) 

 m 

= 

T o + T w 

+ T v 

3 

[ K ] (10b) 

= 

( 2 − ϕ ) 
2 

ϕ 

(10c) 

here, ϕ, D m 

, τ, δm 

, and R are the membrane porosity, mem- 

rane pore mean diameter, membrane tortuosity, membrane thick- 

ess, and the universal gas constant, respectively. In addition, M, 

g , and T m 

represent the water vapor molar weight and dynamic 

iscosity, and the membrane average temperature, respectively. It 
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hould be noted that the membrane average temperature is as- 

umed to be an average of inlet temperature " T o ", wall tempera- 

ure " T w 

", and water vapor temperature " T v ". The reasons for this 

ssumption are as follows: 

• The membrane is in contact with the water vapor except for at 

the membrane-solution interface; 
• At the entrance region, the membrane-solution interface tem- 

perature is close to the inlet temperature " T o " [18] ; and 

• At the outlet of the solution channel, the membrane-solution 

interface temperature is close to the wall temperature " T w 

" 

since the solution is cooled via a heat transfer fluid [18] . 

.2. Initial and boundary conditions 

The non-dimensional initial and boundary conditions for the 

sothermal and impermeable wall are as follows [26] : 

( 0 , η) = 

T o − T o 

T eq ( c o , p v ) − T o 
= 0 (11) 

( 0 , η) = 

c o − c 0 
c eq ( T o , p v ) − c o 

= 0 (12) 

( ξ , 0 ) = 

T w 

− T o 

T eq ( c o , p v ) − T o 
= θw 

(13) 

∂γ

∂η

∣∣∣∣
η=0 

= 0 (14) 

ρs D s ( c eq − c o ) 

δ

∂γ

∂η

∣∣∣∣
in f 

= k m 

(
p v − p in f 

)
(15) 

∂θ

∂η

∣∣∣∣
in f 

= 

�

Le 

∂γ

∂η

∣∣∣∣
in f 

(16) 

= 

h abs ( c eq − c o ) 

c s ( T eq − T o ) 
(17) 

e = 

αs 

D s 
(18) 

During the absorption process, heat is generated at the 

olution-membrane interface. The amount of generated heat is the 

roduct of the heat of absorption and absorbed mass. On the other 

and, the variation in the solution temperature, as a result of 

he heat generation, change partial water vapor pressure at the 

embrane-solution interface, leading to a varying absorption rate. 

herefore, heat and mass transfer rates are highly coupled, i.e., via 

qs. (15) and (16) . 

Pressure at the membrane-solution interface " p in f " for LiBr- 

ater can be calculated based on the following experimental cor- 

elation [30] : 

p in f 

(
T in f , c in f 

)
= exp 

(
A + 

B 

T in f 

+ 

C 

T 2 
in f 

)
(19a) 

 = a 1 + a 2 c s,in f + a 3 c 
2 
s,in f (19b) 

 = a 4 + a 5 c s,in f + a 6 c 
2 
s,in f (19c) 

 = a 7 + a 8 c s,in f + a 9 c 
2 
s,in f (19d) 

here, the corresponding constants are listed in Appendix A . How- 

ver, as far as real applications are concerned, the ranges of tem- 

erature and concentrations are rather limited. Therefore, in this 
4 
tudy, a linear correlation as a function of temperature and concen- 

ration is used to predict the pressure at the solution-membrane 

nterface. For instance, to perform the validation against the ex- 

erimental data of Isfahani and Moghaddam [15] , the pressure at 

he solution-membrane interface can be estimated using a plane 

 p = −1.298 × 10 4 + 35.39 T inf + 6541 c s,inf ), with a relative differ-

nce of 7.3%, for the ranges of 297 K < T < 306 K and 0.48 < c s < 0.6

calculated based on Eq. (19) in Ref. [30] ). Accordingly, the pressure 

t the membrane-solution interface " p in f " can be estimated as the 

ollowing general form: 

p in f = b 0 + b 1 T in f + b 2 c in f (20) 

here, the corresponding constants for different ranges of tem- 

erature and concentration can be found using curve fitting. By 

ubstituting Eq. (20) in Eq. (15) , the boundary condition shown in 

q. (15) is converted to: 

 3 
∂γ

∂η

∣∣∣∣
in f 

= k m 

(
p v − b 4 θin f − b 5 γin f − p o 

)
(21a) 

 3 = 

ρs D s ( c eq − c o ) 

δ
(21b) 

 4 = b 1 ( T eq − T o ) (21c) 

 5 = b 2 ( c eq − c o ) (21d) 

p o = b 0 + b 1 T o + b 2 c o (21e) 

For the sake of brevity, the solution procedures using the 

aplace transform method and similarity solution method, are in- 

luded in Appendices B and C . Using the temperature and con- 

entration profiles found by the analytical solutions, explained in 

ppendices B and C , the heat and mass transfer rates can be found

s follows: 

˙ 
 ( ξ ) = 

k s ( T eq − T o ) 

δ

∂θ

∂η

∣∣∣∣
in f 

[ 
w 

m 

2 

] 
(22) 

˙ 
 ( ξ ) = 

ρs D s ( c eq − c o ) 

δ

∂γ

∂η

∣∣∣∣
in f 

[
kg 

m 

2 s 

]
(23) 

The proposed compact relationships for calculating the heat and 

ass transfer rates in a membrane-based absorber are shown in 

able 1 . 

. Results and discussion 

.1. Validation with experimental data 

Both models developed using the Laplace transform method 

nd similarity solution are validated with the experimental data of 

sfahani and Moghaddam [15] and Isfahani et al. [31] , as well as the 

umerical results of Venegas et al. [32] . The operating conditions 

nd corresponding parameters used for the validation are listed in 

ables 2 and 3 , based on values reported in Refs. [ 15 , 31 , 32 ]. 

Fig. 2 shows a comparison between the results obtained by the 

roposed Laplace transform and similarity solution models with 

he experimental data of Isfahani and Moghaddam [15] and Isfa- 

ani et al. [31] , and the numerical study of Venegas et al. [32] .

he minimum, mean, and maximum differences of present results 

btained by the Laplace transform method and the similarity solu- 

ion compared to Refs. [ 15 , 31 , 32 ] are listed in Table 4 . Both mod-

ls capture the trend of the data and are in general agreement 

ith the published results. The analytical model obtained using 

he Laplace transform method is more accurate compared to the 
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Table 1 

The proposed compact relationships for calculating the heat and mass transfer in membrane-based absorbers. 

Method Parameter 

Laplace transform 

method 

˙ q (ξ ) = 

k s (T eq − T o ) 

δ
[ θ inf − θw + 2 

∞ ∑ 

k =1 

( θ inf + (−1) 
k +1 θw ) e 

−k 2 π2 ξ
[ 

w 

m 

2 

] 
( 24 ) 

˙ m (ξ ) = 

2 ρs D s (c eq − c o ) 

δ
γ inf 

∞ ∑ 

k =0 

e 
−
(2 k + 1) 

2 π2 

4 Le 
ξ

[
kg 

m 

2 s 

]
( 25 ) 

Similarity solution ˙ q (ξ ) = 2 
k s �(T eq − T o ) 

δ
√ 

Le πξ

⎡ 

⎢ ⎢ ⎢ ⎣ 

k m (p v − p o ) − k m b 4 θw 

k m b 5 + 2 
b 3 

√ 

Le √ 

πξ
+ 2 

k m b 4 �√ 

Le πξ

⎤ 

⎥ ⎥ ⎥ ⎦ 

[ 
w 

m 

2 

] 
( 26 ) 

˙ m (ξ ) = 

ρs D s (c eq − c o ) 

δ

√ 

Le 

πξ

⎡ 

⎢ ⎢ ⎢ ⎣ 

k m (p v − p o ) − k m b 4 θw 

k m b 5 + 2 
b 3 

√ 

Le √ 

πξ
+ 2 

k m b 4 �√ 

Le πξ

⎤ 

⎥ ⎥ ⎥ ⎦ 

[
kg 

m 

2 s 

]
( 27 ) 

γ̄in f = 

(
1 + 

2�

ξπ2 

)
k m ( p v − p o ) − k m b 4 

(
2�

ξπ2 
+ 1 

)
θw 

k m b 4 
8 . �. �

ξπ2 
+ 

(
8 Le b 3 
ξπ2 

� + k m b 5 

)(
1 + 

2�

ξπ2 

) θ̄in f = 

(
1 + 

2�

ξπ2 

)
θw + 

8 . �. �

ξπ2 
γ̄in f 

1 + 

2�

ξπ2 

� = 

h abs ( c eq − c o ) 

c s ( T eq − T o ) 
ξ = 

x 

δ2 

αs 

ū 

Le = 

αs 

D s 
� = 

∞ ∑ 

k =1 

1 

k 2 
( 1 − e −k 2 π2 ξ ) � = 

∞ ∑ 

k =1 

( −1 ) 
k 

k 2 
( 1 − e −k 2 π2 ξ ) � = 

∞ ∑ 

k =0 

1 

( 2 k +1 ) 
2 

⎛ 

⎝ 1 − e 
−
( 2 k + 1 ) 

2 π2 

4 Le 
ξ

⎞ 

⎠ 

Table 2 

Operating conditions used in the proposed models (the Laplace 

transform method and similarity solution) for validation against 

the experimental data and numerical results reported in Refs. 

[ 15 , 31 , 32 ]. 

Parameter Value 

Inlet temperature ( ̊C) 25 

Inlet solution concentration (kg/kg) 0.6 

Wall (heat transfer fluid) temperature ( ̊C) 25–35 

Mass flow rate (kg/h) 0.6–2 

Average velocity (m/s) 0.005–0.0166 

Absorber chamber pressure (Pa) 1,100 

Solution channel length (mm) 38 

Film thickness (μm) 160 

Membrane thickness (μm) 60 

Membrane tortuosity 1.8 

Membrane porosity 0.8 

Membrane mean pore diameter (μm) 1 

Table 3 

Thermal properties used for the present model validation, 

based on values reported in Refs. [ 25 , 33 ]. 

Parameter Value 

Heat of absorption (kJ/kg) 2500 

Lewis number 100 

Solution thermal conductivity (W/m.K) 0.43–0.48 

Solution specific heat (J/kg.K) 2000 

Solution density (kg/m 

3 ) 1500–1750 

s

l

s

Table 5 

Base-line operating conditions and the membrane physical properties used for 

this parametric study. 

Parameter Value Range 

Inlet temperature ( ̊C) 26.7 24–29.4 ( ±10%) 

Inlet concentration (kg LiBr/kg solution) 0.6 0.56–0.6 ( −7%) 

Wall temperature ( ̊C) 24 21.6–26.4 ( ±10%) 

Average velocity (m/s) 0.01 0.005–0.015 ( ±50%) 

Absorber chamber pressure (Pa) 1100 880–1320 ( ±20%) 

Film thickness (μm) 150 75–225 ( ±50%) 

Membrane thickness (μm) 80 40–120 ( ±50%) 

Membrane porosity 0.6 0.3–0.9 ( ±50%) 

Membrane mean pore diameter (μm) 1 0.5–1.5 ( ±50%) 

Solution channel length (mm) 30 - 

c

c

p  

u

e

4

m

m

T

t

[  

t

a

T

M

imilarity solution since the temperature profile is assumed to be 

inear to obtain the analytical model using the similarity solution, 

ee Appendix C . However, the similarity solution provides a more 
able 4 

inimum, mean, and maximum differences of the present results obtained by the Laplac

Study 

Laplace transform method 

Min difference (%) Mean difference (%) Max d

Isfahani and 

Moghaddam [15] 

Fig. 3 (a) 14.6 21.8 28.5 

Fig. 3 (c) 15.6 18.9 23 

Isfahani et al. [31] Fig. 3 (b) 1.2 13.7 25.7 

Venegas et al. [32] Fig. 3 (c) 11.1 13.3 15.4 

5

ompact solution and does not require time-consuming series cal- 

ulations. The difference between the present models and the ex- 

erimental data [ 15 , 31 ] may be attributed to all the assumptions

sed for developing the present models and the uncertainty of the 

xperimental data [ 15 , 31 ]. 

.2. Parametric study 

In this section, the effects of various operating conditions and 

embrane physical properties, listed in Table 5 , on the heat and 

ass transfer rates in membrane-based absorbers are investigated. 

he base-line operating conditions and membrane physical proper- 

ies are selected based on the values used in experimental studies 

 15 , 16 , 31 , 34 ]. Two criteria are considered for selecting the parame-

ers’ range: (i) keeping the solution out of the crystallization range; 

nd (ii) investigating a practical range for the parameters. The so- 
e transform method and similarity solution compared to Refs. [ 15 , 31 , 32 ]. 

Similarity solution 

ifference (%) Min difference (%) Mean difference (%) Max difference (%) 

26.1 29.9 34.9 

32.2 33.4 35.6 

22.6 27.2 37.5 

25.8 28.8 30.7 
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Fig. 2. Comparison between the results obtained by the Laplace transform method and similarity solution and the experimental data of (a) Isfahani and Moghaddam [15] (b) 

Isfahani et al. [31] , and (c) Isfahani and Moghaddam [15] and numerical study of Venegas et al. [32] . 

l

t

i

r

i

s

o

ution properties, shown in Table 3 , are used. It should be noted 

hat the range of the Reynolds number for this parametric study 

s between 0.24 and 2.16, which indicates that the solution film 

egime is laminar. 

Fig. 3 shows the effects of solution inlet temperature, solutions 

nlet concentration, wall temperature, average velocity, vapor pres- 

ure, and film thickness on the absorption rate. The following is 

bserved: 
6

(i) Solution inlet concentration is the most important parame- 

ter in absorption rate enhancement, and the solution inlet 

temperature has the lowest effect; 

(ii) As expected, lowering solution inlet temperature, wall tem- 

perature, and film thickness would result in higher absorp- 

tion rates; and 

(iii) Increasing solution inlet concentration, solution mean ve- 

locity and vapor pressure leads to absorption rate enhance- 
ment. 
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Fig. 3. Absorption rate versus (a) solution inlet temperature; (b) solution inlet concentration; (c) wall temperature; (d) average velocity; (e) vapor pressure; and (f) film 

thickness. 

n

M

b

(

(

Fig. 4 shows the effect of membrane porosity, membrane thick- 

ess, and membrane mean pore diameter on the absorption rate. 

embrane porosity is the most influential factor among the mem- 

rane’s physical properties. The following can be observed: 
7 
i) A higher membrane porosity results in a higher absorption rate, 

yet the membrane may be prone to mechanical failure by in- 

creasing its porosity; 

ii) A lower membrane thickness leads to a lower mass transfer re- 

sistance resulting in a higher absorption rate, again the mem- 
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Fig. 4. Absorption rate versus (a) membrane thickness; (b) membrane porosity; and (c) membrane mean pore diameter. 

Table 6 

Normalized absorption rate variation for different parameters. 

Parameter 

Parameter 

variation 

(%) 

Normalized Absorption rate variation (%) 

Laplace transform method Similarity 

Inlet temperature 20 5.5 2.6 

Inlet concentration 7 74.1 71.8 

Wall temperature 20 18.1 22.2 

Average velocity 20 5.1 4.7 

Absorber chamber pressure 20 26.1 25.2 

Film thickness 20 5.7 7.1 

Membrane thickness 20 10.9 9.8 

Membrane porosity 20 21.2 24.3 

Membrane mean pore diameter 20 12.4 14.3 

(i

a

l

l

e

brane mechanical integrity should be taken into consideration; 

and 

ii) A higher membrane mean pore diameter results in a lower 

mass transfer resistance leading to a higher absorption rate, but 

the membrane may be prone to passing LiBr-water solution due 
to increased membrane permeability. 

8 
To have a better comparison of the parameters’ effect on the 

bsorption rate, the normalized absorption rate variations are 

isted in Table 6 . As can be seen, among the all parameters, so- 

ution concentration is the most effective parameter with a 66.1% 

nhancement on the absorption rate. 
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Table 7 

The effect of membrane temperature on the Dusty-gas model con- 

stant and absorption rate. 

T m (K) k m ( 
kg 

Pa . m 2 .s 
) ˙ m ( kg 

m 2 .s 
) 

290 2.3416 × 10 −5 0.0025288 

295 2.3110 × 10 −5 0.0025187 

300 2.2814 × 10 −5 0.0025087 

305 2.2526 × 10 −5 0.0024990 

310 2.2247 × 10 −5 0.0024894 

4
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.3. Effect of membrane temperature 

As previously mentioned in our assumption section, the aver- 

ge membrane temperature is calculated using Eq. 10(b) . Indeed, 

t is difficult to reasonably estimate the membrane temperature; 

owever, its effect on absorption is typically negligible. To jus- 

ify this assumption, the effect of the membrane temperature on 

he absorption rate is studied using the operating conditions and 

embrane physical properties mentioned in Table 2 . According 

o Table 2 , the average membrane temperature is 293 K. Table 7 

hows the effect of the membrane temperature " T m 

" on the Dust- 

as model constant " k m 

" and absorption rate " ˙ m ". As shown in 

able 7 , over the membrane temperature range (290–310 K), there 

s less than a 5% difference in " k m 

" and less than a 2% difference

n absorption rate " ˙ m ". Thus, the effect of membrane temperature 

n absorption rate can be neglected. 

. Conclusion 

In this study, for the first time, two analytical solutions were 

roposed for membrane-based absorption chillers/heat pumps. The 

aplace transform method and similarity solution were used to 

evelop closed-form analytical solutions. The proposed analytical 

odels were validated with experimental data and a numerical 

tudy available in the literature. In addition, a comprehensive para- 

etric study was carried out on the operating conditions and 

he physical properties of the membrane. The key findings of the 

resent study can be summarized as follows: 

• The analytical model obtained by the Laplace transform method 

is more accurate compared to the one derived by the similarity 

solution when compared with experimental data; 
• The similarity solution provided a more compact solution; 
• Solution inlet concentration was the most important parameter 

that can impact absorption rate; and 

• Membrane porosity was the most important membrane prop- 

erty that can impact absorption rate. 
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ppendix. A. LiBr-water equilibrium state equation constants 

The corresponding constants of Eq. (19) are represented in 

able A.1 . 

Table A.1 

Constants for the phase equilibrium Eq. (19 ) [30] . 

Constant Value Constant Value 

a 1 0 . 8941 a 6 −1307 . 8 

a 2 17 . 742 a 7 −238710 

a 3 −12 . 236 a 8 −42641 

a 4 339 . 1 a 9 234240 

a 5 − 2193 . 8 

ppendix. B. The Laplace transform method 

To facilitate using the Laplace transform method, Meyer and 

iegler [26] applied the first type boundary conditions for temper- 

ture and concentration at the membrane-solution interface. The 

ame approach is used here to solve the governing equations. It 

s assumed that the mean temperature and concentration at the 

embrane-solution interface are unknown values but constant, as 

ollows [26] : 

īn f = 

1 

ξ

∫ ξ

0 

θin f d ̃  ξ (B.1) 

¯in f = 

1 

ξ

∫ ξ

0 

γin f d ̃  ξ (B.2) 

Eqs. (B.1) and (B.2) are used as the boundary conditions instead 

f Eqs. (16) and (21). Then, it is shown how the primary bound- 

ry conditions ( Eqs. (16) and (21)) are applied to the solution. By 

aking the Laplace transform with respect to variable " ξ ", the fol- 

owing boundary conditions are achieved: 

( s, 0 ) = 

θw 

s 
(B.3) 

∂Y ( s, η = 0 ) 

∂η
= 0 (B.4) 

( s, η = 1 ) = 

θ̄in f 

s 
(B.5) 

 ( s, η = 1 ) = 

γ̄in f 

s 
(B.6) 

Similarly, by taking the Laplace transform from Eqs. (4) and (5) , 

hey are transformed into: 

. �( s, η) = 

d 2 �( s, η) 

d η2 
(B.7) 

.Le. Y ( s, η) = 

d 2 Y ( s, η) 

d η2 
(B.8) 

By solving Eqs. ( B.7 ) and ( B.8 ), temperature and concentration 

rofiles in the Laplace space are as follows [26] : 

( s, η) = 

θ̄in f 

s 

sinh 

(√ 

s η
)

sinh 

(√ 

s 
) + 

θw 

s 

sinh 

(√ 

s ( 1 − η) 
)

sinh 

(√ 

s 
) (B.9) 

 ( s, η) = 

γ̄in f 

s 

sinh 

(√ 

s.Le η
)

sinh 

(√ 

s.Le 
) (B.10) 

Explanation of inverting the Laplace transform and obtaining 

he temperature and concentration profiles are explained in Ref. 

26] . Temperature and concentration profiles in the LiBr-water so- 

ution are as follows [26] : 

( ξ , η) = 

(
θ̄in f − θw 

)
.η + θw 

+ 

2 ̄θin f 

π

∞ ∑ 

k =1 

( −1 ) k sin ( kπη) 

k 
e −k 2 π2 ξ
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γ

a
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�
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fi

s

a

θ

(

A

h

t

L

r

t  

s

a

p

θ

"

η

 

t

t

ζ

m

γ

t

c

f

θ

γ

t

θ

γ

R

+ 

2 θw 

π

∞ ∑ 

k =1 

( −1 ) k sin ( kπ( 1 − η) ) 

k 
e −k 2 π2 ξ (B.11) 

( ξ , η) = γ̄in f + 

4 ̄γin f 

π

∞ ∑ 

k =0 

( −1 ) 
k +1 cos 

(
( 2 k + 1 ) π2 η

)
2 k + 1 

e −
( 2 k +1 ) 2 π2 

4 Le ξ

(B.12) 

To couple heat and mass transfer, the boundary conditions 

t the membrane-solution interface should be satisfied (see 

qs. (16) and (21)). By taking the average of the boundary condi- 

ions at the membrane-solution interface with respect to variable 

 ξ " and considering the definitions mentioned in Eqs. (B.1) and 

B.2) , the following equations are obtained: 

b 3 
ξ

∫ ξ

0 

∂γ

∂η
d ̃  ξ = k m 

(
p v − b 4 ̄θin f − b 5 ̄γin f − p o 

)
(B.13) 

1 

ξ

∫ ξ

0 

∂θ

∂η
d ̃  ξ = 

�

Le 

1 

ξ

ξ

∫ 
0 

∂γ

∂η
d ̃  ξ (B.14) 

By substituting Eqs. (B.11) and (B.12) in Eqs. (B.13) and (B.14) , 

he mean temperature and concentration at the interface are ob- 

ained: 

¯in f = 

(
1 + 

2�
ξπ2 

)
k m 

( p v − p o ) − k m 

b 4 

(
2�
ξπ2 + 1 

)
θw 

k m 

b 4 
8 . �. �
ξπ2 + 

(
8 Le b 3 
ξπ2 � + k m 

b 5 

)(
1 + 

2�
ξπ2 

) (B.15) 

īn f = 

(
1 + 

2�
ξπ2 

)
θw 

+ 

8 . �. �
ξπ2 γ̄in f 

1 + 

2�
ξπ2 

(B.16) 

= 

∞ ∑ 

k =1 

1 

k 2 

(
1 − e −k 2 π2 ξ

)
(B.17) 

= 

∞ ∑ 

k =1 

( −1 ) 
k 

k 2 

(
1 − e −k 2 π2 ξ

)
(B.18) 

= 

∞ ∑ 

k =0 

1 

( 2 k + 1 ) 
2 

(
1 − e −

( 2 k +1 ) 2 π2 

4 Le ξ
)

(B.19) 

To perform the calculations for the above-mentioned series, the 

rst 15 terms would be enough to obtain accurate results. By sub- 

tituting Eqs. (B.15) and (B.16) in Eqs. (B.11) and (B.12) , the temper- 

ture and concentration profiles are as follows: 

( ξ , η) = 

[ (
1 + 

2�
ξπ2 

)
θw + 

8 . �. �
ξπ2 γ̄in f 

1 + 

2�
ξπ2 

− θw 

] 

. 

[ 

η + θw 1 + 

2 

π

∞ ∑ 

k =1 

( −1 ) 
k sin ( kπ( 1 − η) ) 

k 
e −k 2 π2 ξ

] 

+ 

2 

π

[ (
1 + 

2�
ξπ2 

)
θw + 

8 . �. �
ξπ2 γ̄in f 

1 + 

2�
ξπ2 

] 

∞ ∑ 

k =1 

( −1 ) 
k sin ( kπη) 

k 
e −k 2 π2 ξ

(B.20) 

 

ξ , η) = 

⎡ 

⎣ 

(
1 + 

2�
ξπ2 

)
k m 

( p v − p o ) − k m 

b 4 

(
2�
ξπ2 + 1 

)
θw 

k m 

b 4 
8 . �. �
ξπ2 + 

(
8 Le b 3 
ξπ2 � + k m 

b 5 

)(
1 + 

2�
ξπ2 

)
⎤ 

⎦ 

×
[ 

1 + 

4 

π

∞ ∑ 

k =0 

( −1 ) 
k +1 cos 

(
( 2 k + 1 ) π2 η

)
2 k + 1 

e −
( 2 k +1 ) 2 π2 

4 Le ξ

] 

(B.21) 
10 
ppendix. C. The similarity method 

The similarity solution is used to obtain compact equations for 

eat and mass transfer. Considering an isothermal wall condition, 

he temperature profile is assumed to be linear due to the high 

ewis number of the LiBr-water solution, except for at the entrance 

egion of the film which is neglected to obtain the compact equa- 

ions. This assumption is consistent with Refs. [ 33 , 35–37 ] and the

ame approach is implemented. By taking into account the bound- 

ry conditions in Eqs. (16) and (B.1) , the following temperature 

rofile is obtained [ 33 , 35–37 ]: 

( ξ , η) = 

(
θ̄in f − θw 

)
.η + θw 

(C.1) 

To find the concentration profile, a new non-dimensional "y" or 

 η1 " is defined as follows: 

1 = 1 − η (C.2) 

By finding a self-similar variable (Eq. ( C.4 )), similar to Ref. [37] ,

he concentration partial differential equation ( Eq. (5) ) is converted 

o: 

∂ 2 γ

∂ ζ 2 
+ Leζ

∂ γ

∂ζ
= 0 (C.3) 

= 

η1 √ 

2 ξ
(C.4) 

The solution to Eq. (C.3) by applying the boundary conditions 

entioned in Eqs. (14) and (B.2) is as follows [37] : 

( ξ , η) = γ̄in f 

[ 

1 − erf 

( √ 

Le 

2 

η1 √ 

ξ

) ] 

(C.5) 

Eqs. (C.1) and (C.5) are coupled at the membrane-solution in- 

erface via Eqs. (16) and (21). Therefore, the mean temperature and 

oncentration at the membrane-solution interface are obtained as 

ollows: 

īn f = θw 

+ 2 

�√ 

Leπξ

⎡ 

⎣ 

k m 

( p v − p o ) − k m 

b 4 θw 

k m 

b 5 + 2 

b 3 
√ 

Le √ 

πξ
+ 2 

k m b 4 �√ 

Leπξ

⎤ 

⎦ (C.6) 

¯in f = 

k m 

( p v − p o ) − k m 

b 4 θw 

k m 

b 5 + 2 

b 3 
√ 

Le √ 

πξ
+ 2 

k m b 4 �√ 

Leπξ

(C.7) 

By substituting Eqs. (C.6) and (C.7) in Eqs. (C.1) and (C.5) , the 

emperature and concentration profiles are as follows: 

( ξ , η) = θw 

+ 2 

�√ 

Leπξ

⎡ 

⎣ 

k m 

( p v − p o ) − k m 

b 4 θw 

k m 

b 5 + 2 

b 3 
√ 

Le √ 

πξ
+ 2 

k m b 4 �√ 

Leπξ

⎤ 

⎦ ( 1 − η1 ) 

(C.8) 

( ξ , η) = 

⎡ 

⎣ 

k m 

( p v − p o ) − k m 

b 4 θw 

k m 

b 5 + 2 

b 3 
√ 

Le √ 

πξ
+ 2 

k m b 4 �√ 

Leπξ

⎤ 

⎦ 

[ 

1 − erf 

( √ 

Le 

2 

η1 √ 

ξ

) ] 

. 

(C.9) 
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